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Comparative Studies on a Maximum Bond Order Principle

Karl Jug and Bernd-M. Bussian

Theoretische Chemie, Technische Universitdt Hannover, Callinstrale 3A, D-3000 Hannover I,
Federal Republic of Germany

A recently proposed maximum bond order principle is studied with respect to
choice of basis orbitals, choice of wavefunction and compared with other
methods. Results for bond orders support the choice of Schmidt orthogonalized
AO’s with subsequent Lowdin orthogonalization. Differences between semi-
empirical and ab initio wavefunctions in minimal basis sets usually have only
minor effects on bond order values. For hydrocarbons bond order values are
quite similar for Cohen’s and this method. Finally, the dependence of bond
orders on internal rotation and vibration is investigated in a few simple cases.
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1. Introduction

Recently we proposed a new bond order principle [1] which appears as a sum of
eigenvalues of the two-center part of the related density matrix of each pair of
atoms in a molecule. The underlying idea was to select pairs of hybrids from each
of the two atoms considered so that the bond order would be as large as possible
within a predetermined SCF MO set. The procedure amounts to a local orthogonal
transformation of basis orbitals within the SCF wave function built from an atomic
basis set centered on the atoms. The definition was general enough to include non-
bonding and antibonding effects. Its applicability to any type and size of AO
basis sets as well as to open shell and CI wavefunctions was stressed. The CI form
was formulated in a subsequent paper [2]. Applications demonstrated the useful-
ness of the principle not only for standard bonds, but also for hydrogen bonds and
reactions. A linear relation could be approximately established between bond
order and bond length [2]. This relation had been documented earlier only for
n-systems [3]. We then compared the eigenvalues and their related eigenvectors,
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which we called bond order orbitals, and demonstrated that the popular directed
hybrids in a description of localized bonding are a special case where corrective
contributions from further hybrid pairs, centered on the two atoms considered,
were neglected [2].

Several questions had arisen in the course of this work. How would the kind of
atomic orbitals influence the bond order values? Are there significant differences
between bond orders calculated with semiempirical or ab initio wavefunctions?
How does our bond order principle compare with other concepts? How do bond
orders change with distortions in molecules? In the following sections we try to
answer these questions. Section 2 shows the differences in bond order values
between non-orthogonal, locally and globally orthogonalized Slater-type AO’s.
Then a comparison is made for bond order calculated in minimal basis sets by semi-~
empirical and ab initio methods at optimized or experimental geometries. Since we
had previously shown that Coulson’s [5, 6] and Mulliken’s [7] bond order defini-
tions lack general applicability, we picked only Cohen’s [§] method for comparison.
In Section 3, the variation of bond orders in internal rotations is studied in etharie
and hydrazine. Subsequently, effects of bond length and bond angle changes on
bond orders are presented for ethane, ethylene, acetylene and allene.

2. Apalysis of Method

It is obvious that the density matrix P depends on the type of atomic orbitals used.
We had suggested that the atomic basis should be Schmidt orthogonalized on each
atom and then symmetrically orthogonalized [9] over the whole molecule. We call
this procedure global orthogonalization. It is also possible to define the density
matrix on a locally orthogonalized set which is Schmidt orthogonalized on each
atom and where symmetrical orthogonalization is performed separately for each
atom pair whose bond order is considered. Finally a non-orthogonal Slater basis
set can be used for construction of P. For the last case, we know already from
Mulliken’s work [7] that values for P,, can be much smaller than unity for single
bonds.

In Table 1 we present the results for CC and NN bond orders based on calculations
on selected molecules. The minimal basis ab initio SCF wavefunctions were
generated by Miiller [10] with Slater exponents at experimental geometries and by
Fliszar [11] with optimized exponents at optimized geometries. It is apparent from
the bond order values that non-orthogonal basis sets are rather unsuitable to
define bond orders within our maximum bond order principle. Their values are
much smaller than in common usage. Locally and globally orthogonalized sets
furnish acceptable values. The former are a few percent larger than the latter. For
CH bonds the situation is basically the same. A typical example is ethylene, where
the CH bond order values are 0.610 for a non-orthogonal set, 1.045 for a locally
orthogonalized set and 0.989 for a globally orthogonalized set with Miiller’s wave-
function. Since values for the globally orthogonalized set are closest to the standard
terminology, this set seems most appropriate for further use. Support to this choice



Comparative Studies on a Maximum Bond Order Principle

Wit 1611 16£°0 ISP'1 THENY

€911 60€1 8150 ISP'T THEN-O

SS0'l 9111 62€0 NN TIs¥'T  P"HEN-

SLI'T 0971 ¥19°0 TES'T (3% e

€SLT £€8°1 L90°T S6¢°1 5o}

PLI'T 6vT 1 L19°0 SES°T T DU

VLT 6vT1 019°0 0£S'T SHED

90T'1 1€2°1 ¥5S°0 €6b'1 60T'1 1921 L8Y'0 01S'1 *HD

0s1'T STTT TWE'L 80€'1 YH*D

£91°1 444! 8.0 95T °HYD-?

€L1] 6£T'1 £09°0 749! P61°1 L9T'1 ¥0$°0 9¢s'1  “H®Ds

911°C 0L1'T ovE'1 8I¢°T LITT 691°C 6LT1 9¢¢’] YHD

$90°€ 780°¢ LLOT D0 $0TT HD

SISBq OVO  SISBq OVO  SISBq OV Y  siseq OVQ SIseq OVO  siseq OV Y 9ImooN
1eqO[3 [eo0] 8u9l puog reqoid 220} y)3us] puog

[11] Tezsig Anowoas pozrundQ

[01] 381MIA An10wo9F [e1usuItiadx g

$95BqQ OV 1USISPIP UO PIJE[NOfED SIAPIO puoq YV Jo uostedwo)) °1 sjqey,



K. Jug and B.-M. Bussian

6£60 ISPl 961'T  ISK1 W1l ISPT YHEN-

160°T  1SH'1 1971 ISE'T QUL T6HT THIN-0

€560 ISP1 LETT ISHT 950’1 ISHl YHN-0

OLT'T  TES'T S0TI  90L1  TIET  8TSI SLIT  TES'T 33 ide)

00LT  S6E1 SELT  ¥9S'T 9781  L6E'T €SL'T  S6E1 *H®D

0LYT  GES°T 61T OILT  ¥8TT  6£S°Y 8LT'T  SES°T THED-u

STT 0§S'T €071 - 90LT  POET  EESI PLIT  0EST 'O

1€l 6K 1Tl 0IS'] 1261 89T vOT'T 01T 90TT  €6K1  60TT  OIST 1D

00T 801 6907 8LVl 8IET  S0ET 0s1'Z  80€1 THD

7660 9ESI 98I't  9ILT  b6T1  9¢ST €9I'T 9651 H*D-2

9L ¥TST TLOT 9€SY 071 SILT LOEL 9551 ELTT VZST P61 96871 SHYO-s

70T 8IET 6861  9E€] 01Tz 98Y'1  OLI'T  9€€1 91’ 8ICT  LITT  9€€Tl YH'D

868T  S0T'1 IL0E  POET  €0I'E  SOT1 S90°€  SOTT ‘HD

d Wy d Wy d Wy d (¥ d Y d (Y  smosjoly
[11] rezsiq [o1] sormm [11] rezsig [01] 3o

Answoag 1do

Arpowroag dxo
UONBNORD 012141 q»

{8] poyre N s.uvyoy

Anowoad “1do

Arnjowoad dxa
uonemoyes [eoldmsIes

Answoad 1do

Anourood ‘dxo
uonemoYed ol v

[1] poylaly s gnr

spoy1ew JUSIIPIP £q pare[nofes s1eplo puoq Yy Jo uosueduro) 7 qey,



Comparative Studies on a Maximum Bond Order Principle

970’1 TTO'T 9860 701 886'0  TT0'1 YHEN-7
0£0'T  TTOI p86°0  TTO'I L8360  TTO'T YHN-0
8201  TTO'T 986'0  TTO'T 0660 7201 PH®N-?
80T 20Tl 1860 ¥8I'T  SL60 61T 660 T0I'1
€501 €Ol'l 9,60 Y81 8960 6111 1660 €011 THD
SSO'T 0601 €960 LLI'T  $S6'0  +80°1 0660 0601 H®D
€90'T  €60°T $86'0  v8I'T €860  0TI'T $66'0  £60°1 YTH DU
L90'T  €60°T 8860 P8Il 9860  L60T S66'0 €601
90T t601 $86'0 81l €860  L60'1 9660  ¥60°1
950’1 L60'T 1860 P81 LL6O  960°I 660 L60°1 HED
$SO'T LSO 990°'T  680°1 LL6O  TLIT  9L60 6801 €66'0 L80'T 0660  680°1 *HD
6¥0'T L30T 8060 €8I'T 9960  LSO'T 186'0  L80'T YH®D
LLOT LOTTT 886'0 €811 1860  LOI'T 660  LOT'T H®D-2
7901 p60'T  SLOT  LOT'T 8860  €81'l  L86'0  LOI'I 9660 ¥60'T €660  LOI'I HD-s
$SO'T 8011 L901  €01'1 9L6'0  9LI'T  9L60 €011 660 080T 6860 €011 YHD
Y660 6501 9960 8SI'T  1L60  650°1 8860  650'1 THD
P90'T  €80°1 S660  PSI'T 8660  €80°1 6660 £80°T YHD
d (Y d (YW d (v d (Y d ' d (¢ smosol
[r1] vezsyq [o1] e1mIN [11] zezsipg [o1] 3o

£npuwoed “1do

A1ypwr09g dxa
uonemored 01Ul qo

[8] poyrel s.uayo)

Anpowros8 1do

Axyo1wo098 *dxa

uonemoyeo feotnduoruros

Anowoad 1do

A1owoag "dxo
uonemo[ed ol v

{11 poytol s.8ng

Spoylaul JUSISPIP Aq Pare[nofed s19pIo puoq HY Jo uosiredwo)) g dqe]



6 K. Jug and B.-M. Bussian

is also given by the fact that a locally orthogonalized set does not conserve the
total charge.

Next we attempted a preliminary comparison of semiempirical and ab initio
methods. Since semiempirical methods use minimal basis sets, we chose this type of
set also for ab initio calculations. The latter includes also 1s orbitals. Table 2 shows
the differences between ab initio and semiempirical bond order values at experi-
mental and optimized geometries. The differences for the latter comparison are
quite small in ab initio wavefunction and larger in semiempirical calculations.
These were done with the SINDO method which overestimated bond lengths by
10% [12]. Most gratifying is that differences between optimized ab initio and opti-
mized semiempirical bond order values are usually slight. They are appreciable
only in allene, cyclopropane and hydrazine. Within each scheme consistency is
conserved which means bond orders are linearly decreasing with increasing bond
lengths. Table 3 lists CH and NH bond orders for comparison. Here the differences
between ab initio and semiempirical methods or experimental and optimized
geometries are even less pronounced than in CC or NN bonds. In Tables 2 and 3,
bond order values after Cohen [8] are also presented. Cohen uses a projection
technique for polyatomics in conjunction with one of Mulliken’s diatomic
methods [7]. Cohen’s values are most convincing in homopolar bonds except in
cyclopropane where the CC bond order at experimental geometry seems excessively
large. For heteropolar bond differences between this method and Cohen’s method
can be more pronounced. In HF he found a bond order of 0.63 [8], whereas we
found a value of 0.95 [1]. Cohen’s small value can be attributed to the way in which
he rescales the density matrix value on non-orthogonal orbitals by overlap. His
approach is overlap population dependent. We, on the other hand, let the covalent
bond order find its largest value within a given SCF wavefunction.

3. Comparison of Bond Order and Experimental Quantities

Here we present the application of the bond order method to internal rotation and
vibration. Fig. 1 shows the dependence of total energy and CC and CH bond
orders on the torsion angle in ethane. The CC bond order is increased in the stag-
gered form compared to the eclipsed form, whereas the CH bond orders are
decreased. These processes are interrelated. Rehybridization at a C atom which
strengthens the central bond must weaken the outer bonds. Fig. 2 shows a similar
effect in hydrazine. Most important here is the split of NH bond orders, which
reflects the difference between the “inner” and the “outer” pair of NH bonds.
We would predict from this bond order split that there is a small difference in bond
lengths between the two pairs of NH bonds. This would imply a split in the NMR
signal of a spectrum. The chemical shift for the two different protons must be
different. This effect would be observable only at low temperature when inversion is
hindered. A discussion to this extent has been given by Dewar [13].

Finally we investigated the dependence of bond orders on bond lengths and bond
angles to understand the effects of vibrations in molecules. In Figs. 3-5 we present
the results for ethane. In Fig. 3 we see that there is no extremum for CC bond order
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at equilibrum. The CH bond orders exhibit a maximum at a CC bond length
slightly increased beyond equilibrum. The increase of CC bond order with de-
creasing bond length is mainly due to increase in = bond character. This = bond
character is usually neglected in localization procedures, but was explicitly con-
sidered by us [2]. In Fig. 4 the effect of variation of a CH bond length on all bond
orders is shown. The effect is large on the CH bond involved and small on the CC
bond and the other CH bonds. For the CH bond involved a decrease of bond order
with increasing bond length is a consequence of the weakening of this bond. In
Fig. 5 we observe that CCH bond angle changes have only a slight effect on bond
orders. Similarly results are obtained in ethylene and acetylene. In allene the
increase in one of the CC bond lengths is accompanied by a decrease in the related
bond order and an increase in the adjacent CC bond order. The rest is similar to the
effects in the other molecules. In the course of the calculations a problem showed
up when very large distortions were considered. Discontinuities arose when bond-
ing orbitals became antibonding and vice versa. This happens because the nodes of
the eigenvalues of the two-center part of the density matrix and the corresponding
overlap matrix are at different geometries. Since we were not considering certain
dissociations where a closed shell becomes an open shell and where CI has to be
invoked, these distortions were of no practical interest. However, since this dis-
continuity may constitute a basic problem we shall give it consideration in the
future.
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4. Conclusion

In this work we have addressed ourselves to two principal questions. How does the
newly developed maximum overlap principle compare within its various forms and
to the other methods and how well does it serve in applications to measurable
properties. We found that the symmetrically orthogonalized atomic basis set
serves best to define the density matrix whose parts are diagonalized. We then
proved that semiempirical wavefunctions are sufficient to calculate bond orders
even though their optimized geometries may not be as accurate as in ab initio
calculations. This is true when semiempirical methods generate similar wave-
functions to ab initio methods. Bond orders calculated with this method are similar
to those by Cohen for homopolar bonds, but may be quite different in heteropolar
bonds. The application to internal rotation revealed a regularity of change in bond
order paralleling or opposing that one in energy. Bond lengths changes are most
important for the bond order of the corresponding bond and less so for the other
bonds. Bond orders do not depend strongly on bond angles. In vibrations the
effect should be small because it averages out.
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